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Abstract
The phase structure of charged Anti-de Sitter black hole in massive gravity is inves-
tigated using the unstable circular photon orbits formalism, concretely we establish a
direct link between the null geodesics and the critical behavior thermodynamic of such
black hole solution. Our analysis reveals that the radius and the impact parameter
corresponding to the unstable circular orbits can be used to probe the thermodynamic
phase structure. We also show that the latter are key quantities to characterize the
order of van der Waals-like phase transition. Namely, we found a critical exponent
around δ = 1/2. All these results support further that the photon trajectories can be
used as a useful and crucial tool to probe the thermodynamic black holes criticality.
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1 Introduction
Our investigation is loosely motivated by the statement that the information encoded in
a black hole can well be uncovered by observing the matter behavior in the vicinity of its
outsider horizon. Thus, the black hole identification is directly linked to the analysis of the
particle motions that are affected by the strong gravity field near such astrophysical object.
There exists at present a quite big number of studies on geodesics around black holes in
various theories of gravity (see [1–5] and reference therein). Likewise, many years ago, it was
shown that geodesics of a test particle can play a crucial role in our comprehension of some
observational effects such as the gravitational deflection angle of light and time delays [6–8].
Recently, there has been a significant increasing interest on alternative gravity models
to Einstein theory. One of the popular models is the massive gravity. This theory can be
considered as massive spin-2 graviton theory. Historically, the construction of linear theory
of massive gravity goes back to Fierz and Pauli, who have developed the ghost free theory of
noninteracting massive graviton and added the interaction terms at linearized level of the gen-
eral relativity. They observed that the mass term must be of the form m2g (h
2 − hµνhµν) [9].
The theory of Fierz and Pauli suffers from the problem of van Dam-Veltman-Zakharov
(vDVZ) discontinuity [10, 11]. Boulware and Deser also showed that a generic extension
of the Fierz-Pauli theory to curved backgrounds will contain ghost instabilities [12, 13]. A
theory with no ghost in the decoupling limit, or at least up to quartic order away from the
decoupling limit, has been constructed de Rham et al. constructed in [14,15]. Later, a gen-
eralisation to a ghost-free non-linear massive gravity action for all orders was proposed in [16].
On the experimental ground, recent observations by LIGO did not rule out the possibility
of non zero mass, and put an upper bound on graviton mass: mg < 1.2×10−22eV/c2 [17,18].
For more details about the theory of massive gravity, we refer the reader to [19].
Black holes thermodynamics have a long history, starting with Hawking, Carter, Bardeen
and Page [20, 21] as early as 1973, and is by now a known rich area. In particular, the
extended phase space version of black holes thermodynamics has attracted attention during
the last decades [22,23]. Extension of this fascinating subject to the other theories of gravity
via different approaches is relatively rather new [24–27], especially in the massive gravity
context [28,29]. The key idea originates from the identification of the cosmological constant
Λ as a thermodynamical pressure. This entails a phase structure like van der Waals one. In
this sense, a variety of technics have born to consolidate this analogy, such as thermodynam-
ical geometry [30, 31], quasi-normal modes [32, 33] and non-local observables [34, 35]. More
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recently, many endeavors have been performed to achieve connection between the thermo-
dynamic behaviors and the geodesics of test particles [36–38]. The purpose of the present
paper is to study the unstable circular orbits of photons in the vicinity of charged black holes
in asymptotically AdS space in the theory of massive gravity.
This paper is organized as follows. In the next section, we present a concise review of the
critical behavior associated with massive gravity charged black holes in AdS space. In section
3, we first establish the equation of motion for a free photon, propagating in the equatorial
plane around RN-AdS black hole in massive gravity. Then, the conditions of the unstable
circular photon orbits are obtained from the effective potential. In section 4, we discuss how
the behaviors of radius and minimal impact parameter of unstable circular photon orbits can
reveal the thermodynamic phase stricture. In section 5, we investigate the unstable circular
orbits behavior at the second order phase transition. The critical exponent associated with
radius and minimal impact parameter are also calculated. The last section is devoted to our
conclusion.
2 Thermodynamics of charged AdS black holes in mas-
sive gravity
In a 4-dimensional massive gravity model with negative cosmological constant, a charged
black hole solution has been obtained in [39]. The latter arising in the generalization of the
theory introduced in [40] is shown to be ghost free for an arbitrary non-dynamical reference
metric [41], and read as [42–44],
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dθ2 + r2 sin θdφ2, (1)
with
f(r) = 1− 2M
r
+
Q2
4r2
+
r2
l2
+ ar + b, (2)
c0, c1 and c2 are constants and mg the graviton mass. l represents the AdS length scale set
by the presence of the cosmological constant. For commodity, we introduce in the solution
the following denotations
a = m2g
c0c1
2
, b = m2gc
2
0c2. (3)
Following [45], we may regard the cosmological constant as a variable and treat it as a
dynamical pressure of black hole,
P = − Λ
8pi
=
3
8pil2
. (4)
At the horizon rh, from the condition f (rh) = 0, we obtain the black hole mass as,
M =
12aS3/2 + 4
√
piS(3b+ 8PS + 3) + 3pi3/2Q2
24pi
√
S
, (5)
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where, S = pir2h, is the entropy of the black hole. Also, since the Hawking temperature of
the black hole is related to the surface gravity T = κ
2pi
with κ = f
′(rh)
2
, we can derive the
thermodynamical equation of state,
T =
8aS3/2 + 4
√
piS(b+ 8PS + 1)− pi3/2Q2
16piS3/2
. (6)
The other conjugate quantities of the intensive parameters P , Q, a and b are given by,
V =
4S3/2
3
√
pi
, Φ =
√
piQ
4
√
S
, A = S
2pi
, B =
√
S
4pi
, (7)
respectively. All the above quantities satisfy the first law of the black hole thermodynamics,
dM = TdS + ΦdQ + V dP +Ada+ Bdb. (8)
Notice that the latter equation has been extended to include the massive gravity terms in
our context,
Using the scaling argument [45], one obtain the Smarr formula as:
M = 2TS − 2V P + ΦQ−Aa. (9)
It is worth to note here that b does not appear in the Smarr formula, since its scaled weight
vanishes [46]. One can also see that our b in the metric function, Eq. (2), is a constant term
with no thermodynamical contribution.
Next we focus on the study of criticality. To this end, we first have to find out the inflection
point of T (rh), by solving the following equations:
∂T
∂S
∣∣∣∣
Sc,Pc
=
∂2T
∂S2
∣∣∣∣
Sc,Pc
= 0, (10)
The critical point occurs when,
Pc =
(b+ 1)2
24piQ2
, Sc =
3piQ2
2(b+ 1)
, Tc =
a
2pi
+
2(b+ 1)3/2
3
√
6piQ
. (11)
Another key quantity characterizing the critical phenomena is the Gibbs free energy G =
M − TS, given by
G =
4S(3b− 8PS + 3) + 9piQ2
48
√
pi
√
S
. (12)
Now, having calculated the essential of thermodynamic quantities, we turn our attention
to analyzing the corresponding phase transition. For this, we plot in figure 1, the variation
of the temperature and the Gibbs free energy as a function of the entropy and temperature,
respectively.
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Figure 1: Left: the Gibbs free energy as function of the temperature. Right: the Hawking
temperature as function of the black holes entropy for various pressures. We set a = 1, b =
1 and Q = 1.
It can be seen from the left panel that the T −S diagram is exactly the same as the T −S
criticality of the van der Waals liquid-gas system. As discussed in [24,31],the G−T diagram
develops a swallow tail behavior when P < Pc which indicates a first order phase transition
as expected. This feature disappears above the critical pressure and thus no phase transition
small/large black holes shows up. However, the phase transition becomes instead a second
order at P = Pc. To describe the phase transition one has to replace the oscillating part
between S1 and S2 of the T − S diagram by an isotherm line, T = T∗, according to Maxwell
equal area law: ∫ S2
S1
TdS = T∗ (S2 − S1) . (13)
This prescription reflects the fact that both phases have the same Gibbs free energy at the
phase transition. Next, we will employ all these informations to revisit the phase transitions
by means of the photon orbits formalism.
3 Geodesic equations of motion
In this section, we consider the motion of a free photon propagating in the background
geometry of the metric given by Eq. (2). Its dynamics can be treated via the Lagrangian
formalism as,
L = 1
2
gµν
dxµ
dσ
dxν
dσ
, (14)
with xµ = (t, r, θ, φ) and σ is an affine parameter. The components of 4-momentum are
related to the coordinate xµ by
pµ =
∂L
∂x˙µ
, (15)
Here, the dot denotes differentiation with respect to the affine parameter σ. Without loss
of generality, we will restrict our analysis to the equatorial geodesics by setting θ = pi
2
and
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θ˙ = 0. The spacetime symmetries (i.e the metric) has two Killing vectors which imply the
existence of two constants of motion
pt = −E and pφ = L. (16)
where E and L represent the energy and angular momentum, respectively [1, 2]. Using
the Euler-Lagrange equations with respect to t and φ, one obtain the equations,
dt
dσ
=
E
f(r)
, (17)
dφ
dσ
=
L
r2
. (18)
Next, we introduce the effective potential by recalling the normalisation condition for the null
geodesics gµν x˙µx˙ν = 0. Indeed, under this constraint, the radial motion takes the following
form,
r˙2 + Veff(r) = 0, (19)
where the effective potential Veff reads as:
Veff(r)
E2
= ξ2
f(r)
r2
− 1. (20)
where ξ = L
E
denotes the impact parameter. The photons motion is confined to the region
where Veff ≤ 0 [36].
Because the most important class of orbits are circular orbits, we will focus on the study
of the unstable circular orbits in which a photon coming from infinity approaches the turning
points with zero radial velocity. The radius r0 of the unstable circular orbit can be found by
simultaneously solving the equations
Veff(r0) = 0,
∂Veff (r)
∂r
∣∣∣∣
r0
= 0,
∂2Veff(r0)
∂r2
∣∣∣∣
r0
< 0. (21)
Also, One can simply use Eq. (20) to obtain the expression of the minimal impact parameter
corresponding to the unstable circular orbits:
ξ0 =
r0√
f(r0)
. (22)
The effective potential is depicted schematically in figure 2. Several important aspects of
the motion can be deduced from this figure. In fact, the nature of the orbit will be governed
by the turning points determined by Veff(r) = 0. In particular, if the photon fall from
infinity with ξ > ξ0, it will reach the turning point and then scattered back out to larger r.
This is similar to the hyperbolic orbits in Newtonian gravity. However, the photon will be
6
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Figure 2: The effective potential profile for a free photon orbiting around a charged AdS
black hole in massive gravity with S = 0.2, P = 0.05, a = 1, b = 1 and Q = 1. The red and
blue dots represent the turning points.
captured by the black hole if ξ < ξ0, where there is no turning point, so that the capturing
cross section for photons from infinity is given by,
σcapture = piξ
2
0 =
pir20
f(r0)
. (23)
Finally, the case ξ = ξ0 is the critical impact parameter separating capture from scattering
orbits region. After showing the main photons dynamical concepts in such black hole con-
figurations, we will probe in the next section, how to establish a direct link between this
dynamics and thermodynamics.
4 Thermodynamic phase transition from unstable cir-
cular photon orbits
Our main objective here is to elaborate a connection between the unstable circular photon
orbits with the thermodynamic phase transition of charged AdS black holes in massive
gravity. The expected outcome is, on one hand, a generalization of the study of [36] and, on
the other hand, to pave the way to a novel understanding of the thermodynamic behavior of
RN-AdS black holes in massive gravity. To this end, we first substitute Eq. (2) in Eq. (20)
under the requirement V ′eff (r0) = 0 for unstable circular orbits, then we get the following
constraint:
ar30 + 2(b+ 1)r
2
0 − 6Mr0 +Q2 = 0. (24)
As in the RN-AdS black holes, the instability conditions given by Eq. (21) are not explicitly
affected by the AdS radius. Hence, for a fixed black hole mass, V ′eff(r) remains the same
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either for asymptotically de-Sitter space or for flat space. To obtain the unstable circular
radius r0, we need to combine Eq. (5) with Eq. (24) and solve a third degree equation.
Then we inject the solution into Eq. (22) to extract the impact parameter ξ0. The resulting
solution can be expressed in terms of the parameters P , S, Q, a and b. Because of its lengthy
expression, we will not show it here.
In each panel of Fig. 3, we consider the isobaric process for which we plot the temperature
as a function of the unstable circular radius and minimal impact parameter for different
values of massive gravity terms (a and b). We see that the T − r0 and T − ξ0 behaviors do
not change with a and b variations. For the special case of RN-AdS black holes, where a = 0
and b = 0, we reproduce the features of the unstable circular orbits derived in [36] in four
dimension spacetime.
Moreover, by analyzing Fig. 3, one also observe that the all panels look like the right
panel of figure 1 illustrating T −S behavior. Indeed, for P < Pc, whatever the chosen values
of massive gravity parameters (a and b), we observe an oscillating curve which indicates
that there is a first-order phase transition between two extremal points corresponding to the
small black hole r01 (ξ01) and large black hole r02 (ξ02) respectively. However, for P = Pc,
an inflexion point shows up to signal the second order phase transition occurrence. Besides,
above the critical point, the behavior of the unstable circular orbits do not show oscillating
line, and the temperature is a monotonically increasing function of r0 (or ξ0): no phase
transition can happen. We keep in mind that one can find the coexistence temperature T∗
and the extremal points from the G(T ) and T (S) equations respectively.
In summary, the behaviors of r0 and ξ0 confirm the same phase transition picture as that
from the entropic side. Thereby, the photon in orbits is definitely an efficient tool to probe
easily the phase transition between small and large black holes in massive gravity.
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Figure 3: T−r0 diagram (left) and T−ξ0 diagram (right) in the isobaric process, for different
values of massive gravity parameters a and b, where we set Q = 1.
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5 Null geodesics and critical exponents
In this section, let us examine the behavior of unstable circular orbits of photons near the
second order phase transition. Thus, we need to calculate the critical exponent associated
with the radius and the minimal impact parameter. For this, we introduce the reduced
temperature, the radius r0 and the minimal impact parameter ξ0 as follow:
T˜ =
T
Tc
=
3
√
3
2
Q
(
8aS3/2 + 4
√
piS(b+ 8PS + 1)− pi3/2Q2)
4S3/2
(
3
√
6aQ + 4(b+ 1)3/2
) , (25)
r˜0 =
r0
r0c
, ξ˜0 =
ξ0
ξ0c
, (26)
where r0c and ξ0c are the values of unstable circular radius and the minimal impact parameter
at the critical point, respectively. They are obtained by replacing S by Sc and P by Pc in
their corresponding expressions. Then, we determine the width of the coexistence lines in
both T˜ − r˜0 and T˜ − ξ˜0 diagrams as,
∆r˜0 = r˜02 − r˜01, ∆ξ˜0 = ξ˜02 − ξ˜01. (27)
In the left panel of Fig. 4, we plot the difference ∆r˜0 as a function of T˜ , which allows us to
identify ∆r˜0 as an order parameter for the small-large black holes phase transition. Indeed,
as expected, the width of the coexistence line decreases with the reduced temperature, has
non zero values at the first order phase transition, and tends to zero at the critical point.
Furthermore, by the zooming near the second order phase transition in Fig. 4, one can see
that the concavity of the graph is reversed, namely: It is convex at the first order phase
transition and becomes concave when temperature approaches Tc. The behavior of ∆ξ˜0 in
the right panel of Fig. 4 illustrates similar features to those of ∆r˜0.
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Figure 4: ∆r˜0 (left panel), ∆ξ˜0 (right panel) as a function of coexistence temperature. We
set a = 1, b = 1 and Q = 1.
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Therefore, it will be interesting to check the critical exponent describing the universal
behavior of the reduced differences ∆r˜0 and ∆ξ˜0 around the second order phase transition.
To this end, we need to fit our numerical data. Thus, by looking for the following form,
∼ α
(
1− T˜
)δ
, (28)
we can identify the power law functional relationship between the two reduced quantities of
the unstable circular orbits and the reduced temperature near Tc. Table 1 displays the results
obtained for α and δ parameters for different values of massive gravity terms (a and b). In
Fig. 5, we display a comparison between the fitting curves and ∆r˜0 (and ∆ξ˜0) presented in
the zoom panels of Fig. 4.
∆r˜0 ∆ξ˜0
a b α δ α δ
0 0 3.47293 0.500258 1.20058 0.500213
1 1 4.05847 0.500192 1.66049 0.500174
1 2 3.78479 0.500206 1.46958 0.500191
1 3 3.67083 0.500216 1.38155 0.500198
1 4 3.61196 0.500224 1.33271 0.500203
2 1 4.62966 0.500179 2.01595 0.500148
3 1 5.15089 0.500186 2.31723 0.500144
4 1 5.62841 0.500188 2.58336 0.500138
Table 1: The critical exponent δ and the proportionality factor α for the unstable circular
photon orbits for different values of a and b, with Q = 1.
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Figure 5: Fitting curves, ∆r˜0 (left) and ∆ξ˜0 (right) versus T˜∗ near the critical temperature.
We set a = 1, b = 1 and Q = 1.
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Our results confirm clearly, within the used numerical accuracy, that the unstable circular
photon orbits (with ∆r˜0 and ∆ξ˜0) around RN-AdS black hole in massive gravity present a
universal critical exponents equal to 1/2. Furthermore, one can also use the derived formula
given by Eq. (28) to check the concavity of the graphs shown in Fig. 4 in the vicinity of the
critical temperature. Indeed, since
d2∆r˜0
dT˜ 2
= −αδ (1− δ)
(
1− T˜
)δ−2
< 0, (29)
those graphs must be strictly concave when T → Tc. Hence, the detection of concavity
change can help to uncover the thermodynamic criticality.
At last, these results confirm that the studies of unstable circular orbits of photons can
be a useful tool to reveal the Van der Waals-like phase transition between small and large
black holes in AdS massive gravity background.
6 Conclusion
In this work we have explored the unstable circular orbits of photons around charged AdS
black holes in massive gravity, as a new bridge to the Van der Waals-like phase structure. In
particular, we have extended the work of [36] by considering the massive gravity background.
Foremost, we have reviewed briefly the thermodynamic behavior of the selected class of black
holes. Then using the Lagrangian formalism we have calculated the equation of motion that
govern a photon motion in the equatorial plane. We have also presented two key quantities
to this study, namely the radius r0 and minimal impact parameter ξ0 corresponding to the
unstable circular orbits. The plots of these two quantities as a function of temperature have
shown an oscillatory curves, revealing the presence of a coexistence region for small/large
black hole, and indicating that the thermodynamic phase transitions has taken place. On
the other hand, at the second order phase transition, we have examined the order parameters
for small-large black hole phase transition in ∆ξ˜0− T˜ and ∆r˜0− T˜ diagrams, and as a result,
we found that the concavities of both plots are reversed near the critical point.
Furthermore, by means of a numerical fit to a power law relationship between fitting
∆r˜0 and ∆ξ˜0, we have identified a universal critical component δ = 1/2. Hence, this new
approach leads to a set of critical exponents similar to those of van der Waals fluid system,
providing a new insight into the phase picture from the point view of photon trajectories.
At the end, we plan to extend the present study further by considering other gravity
configurations or others kinds of test particule, especially the neutrinos.
References
[1] S. Chandrasunsrtekhar, The Mathematical Theory of Black Holes, International Series of Monographs
on Physics, Oxford University Press, New York (1983).
12
[2] S. L. Shapiro and S. A. Teukolsky, Black holes, white dwarfs, and neutron stars: The physics of
compact objects, New York, USA: Wiley (1983) 645 p.
[3] J. M. Bardeen, W. H. Press and S. A. Teukolsky, Rotating black holes: Locally nonrotating frames,
energy extraction, and scalar synchrotron radiation, Astrophys. J. 178 (1972) 347.
[4] V. Cardoso, A. S. Miranda, E. Berti, H. Witek and V. T. Zanchin, Geodesic stability, Lyapunov
exponents and quasinormal modes, Phys. Rev. D 79 (2009) 064016 [arXiv:0812.1806].
[5] D. Pugliese, H. Quevedo and R. Ruffini, Circular motion of neutral test particles inReissner-Nordstro´m
spacetime, Phys. Rev. D 83 (2011) 024021 [arXiv:1012.5411].
[6] W. Rindler and M. Ishak, Contribution of the cosmological constant to the relativistic bending of light
revisited, Phys. Rev. D 76 (2007) 043006 [arXiv:0709.2948].
[7] M. Sereno, On the influence of the cosmological constant on gravitational lensing in small systems,
Phys. Rev. D 77 (2008) 043004 [arXiv:0711.1802].
[8] H. Arakida, Light deflection and Gauss–Bonnet theorem: definition of total deflection angle and its
applications, Gen. Rel. Grav. 50 (2018) no.5, 48 [arXiv:1708.04011].
[9] M. Fierz and W. Pauli, On relativistic wave equations for particles of arbitrary spin in an
electromagnetic field, Proc. Roy. Soc. Lond. A 173 (1939) 211.
[10] H. van Dam and M. J. G. Veltman, Massive and massless Yang-Mills and gravitational fields, Nucl.
Phys. B 22 (1970) 397.
[11] V. I. Zakharov, Linearized gravitation theory and the graviton mass, JETP Lett. 12 (1970) 312.
[12] D. G. Boulware and S. Deser, Can gravitation have a finite range?, Phys. Rev. D 6 (1972) 3368.
[13] D. G. Boulware and S. Deser, Inconsistency of finite range gravitation, Phys. Lett. 40B (1972) 227.
[14] C. de Rham, G. Gabadadze and A. J. Tolley, Resummation of Massive Gravity, Phys. Rev. Lett. 106
(2011) 231101 [arXiv:1011.1232].
[15] C. de Rham and G. Gabadadze, Generalization of the Fierz-Pauli Action, Phys. Rev. D 82 (2010)
044020 [arXiv:1007.0443].
[16] S. F. Hassan and R. A. Rosen, Resolving the Ghost Problem in non-Linear Massive Gravity, Phys.
Rev. Lett. 108 (2012) 041101 [arXiv:1106.3344].
[17] B. P. Abbott et al. [LIGO Scientific and Virgo Collaborations], Observation of Gravitational Waves
from a Binary Black Hole Merger, Phys. Rev. Lett. 116 (2016) no.6, 061102 [arXiv:1602.03837].
[18] B. P. Abbott et al. [LIGO Scientific and Virgo Collaborations], Tests of general relativity with
GW150914, Phys. Rev. Lett. 116 (2016) no.22, 221101 [arXiv:1602.03841].
[19] C. de Rham, Massive Gravity, Living Rev. Rel. 17 (2014) 7 [arXiv:1401.4173].
[20] J. M. Bardeen, B. Carter and S. W. Hawking, The Four laws of black hole mechanics, Commun. Math.
Phys. 31, 161 (1973).
[21] S. W. Hawking and D. N. Page, Thermodynamics of Black Holes in anti-De Sitter Space, Commun.
Math. Phys. 87, 577 (1983).
13
[22] D. Kastor, S. Ray and J. Traschen, Enthalpy and the Mechanics of AdS Black Holes, Class. Quant.
Grav. 26, 195011 (2009) [arXiv:0904.2765].
[23] B. P. Dolan, Pressure and volume in the first law of black hole thermodynamics, Class. Quant. Grav.
28, 235017 (2011) [arXiv:1106.6260 ].
[24] D. Kubiznak and R. B. Mann, P-V criticality of charged AdS black holes, JHEP 1207 (2012) 033
[arXiv:1205.0559].
[25] S. Gunasekaran, R. B. Mann and D. Kubiznak, Extended phase space thermodynamics for charged and
rotating black holes and Born-Infeld vacuum polarization, JHEP 1211 (2012) 110 [arXiv:1208.6251].
[26] A. Belhaj, M. Chabab, H. El Moumni and M. B. Sedra, On Thermodynamics of AdS Black Holes in
Arbitrary Dimensions, Chin. Phys. Lett. 29 (2012) 100401 [arXiv:1210.4617].
[27] S. Chen, X. Liu, C. Liu and J. Jing, P − V criticality of AdS black hole in f(R) gravity, Chin. Phys.
Lett. 30 (2013) 060401 [arXiv:1301.3234].
[28] R. G. Cai, Y. P. Hu, Q. Y. Pan and Y. L. Zhang, Thermodynamics of Black Holes in Massive Gravity,
Phys. Rev. D 91 (2015) no.2, 024032 [arXiv:1409.2369].
[29] J. Xu, L. M. Cao and Y. P. Hu, P-V criticality in the extended phase space of black holes in massive
gravity, Phys. Rev. D 91 (2015) no.12, 124033 [arXiv:1506.03578].
[30] A. Belhaj, M. Chabab, H. El Moumni, K. Masmar and M. B. Sedra, On Thermodynamics of AdS
Black Holes in M-Theory, Eur. Phys. J. C 76, no. 2, 73 (2016) [arXiv:1509.02196].
[31] M. Chabab, H. El Moumni and K. Masmar, On thermodynamics of charged AdS black holes
in extended phases space via M2-branes background, Eur. Phys. J. C 76, no. 6, 304 (2016)
[arXiv:1512.07832].
[32] M. Chabab, H. El Moumni, S. Iraoui and K. Masmar, Behavior of quasinormal modes and
high dimension RN–AdS black hole phase transition, Eur. Phys. J. C 76 (2016) no.12, 676
[arXiv:1606.08524].
[33] M. Chabab, H. El Moumni, S. Iraoui and K. Masmar, Phase Transition of Charged-AdS Black Holes
and Quasinormal Modes : a Time Domain Analysis, Astrophys. Space Sci. 362 (2017) no.10, 192
[arXiv:1701.00872].
[34] H. El Moumni, Revisiting the phase transition of AdS-Maxwell–power-Yang–Mills black holes via
AdS/CFT tools, Phys. Lett. B 776, 124 (2018).
[35] A. Belhaj and H. El Moumni, Entanglement entropy and phase portrait of f(R)-AdS black holes in
the grand canonical ensemble, Nucl. Phys. B 938, 200 (2019) [arXiv:1812.07962].
[36] S. W. Wei and Y. X. Liu, Photon orbits and thermodynamic phase transition of d-dimensional charged
AdS black holes, Phys. Rev. D 97 (2018) no.10, 104027 [arXiv:1711.01522].
[37] S. W. Wei, Y. X. Liu and Y. Q. Wang, Probing the relationship between the null geodesics and
thermodynamic phase transition for rotating Kerr-AdS black holes, [arXiv:1807.03455].
[38] C. Bhamidipati and S. Mohapatra, Circular Geodesics and Phase Transitions of Charged Black Holes
in AdS, [arXiv:1805.05088].
14
[39] D. Vegh, Holography without translational symmetry, [arXiv:1301.0537].
[40] S. F. Hassan and R. A. Rosen, On Non-Linear Actions for Massive Gravity, JHEP 1107 (2011) 009
[arXiv:1103.6055].
[41] S. F. Hassan, R. A. Rosen and A. Schmidt-May, Ghost-free Massive Gravity with a General Reference
Metric, JHEP 1202 (2012) 026 [arXiv:1109.3230 ].
[42] X. X. Zeng, H. Zhang and L. F. Li, Phase transition of holographic entanglement entropy in massive
gravity, Phys. Lett. B 756 (2016) 170 [arXiv:1511.00383].
[43] S. H. Hendi, B. Eslam Panah and S. Panahiyan, Einstein-Born-Infeld-Massive Gravity: AdS-Black
Hole Solutions and their Thermodynamical properties, JHEP 11 (2015) [arXiv:1508.01311].
[44] S. H. Hendi, S. Panahiyan, B. Eslam Panah and M. Momennia, Phase transition of charged black holes
in massive gravity through new methods, Annalen Phys. 528 (2016) no.11-12, 819 [arXiv:1506.07262].
[45] D. Kastor, S. Ray and J. Traschen, Enthalpy and the Mechanics of AdS Black Holes, Class. Quant.
Grav. 26 (2009) 195011 [arXiv:0904.2765].
[46] S. H. Hendi, R. B. Mann, S. Panahiyan and B. Eslam Panah, Van der Waals like behavior of topological
AdS black holes in massive gravity, Phys. Rev. D 95 (2017) no.2, 021501 [arXiv:1702.00432].
15
